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Abstract
We establish the local and global two-weight Poincare´ inequalities for differential forms in Ls(µ)-averaging domains.
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1. Introduction and main results
The Poincare´ inequality is a powerful tool in analysis, potential theory, partial differential equations and
quasiregular mappings; see [1,2]. From a recent survey paper [3] by Agarwal and Ding, we find that there has
been new interest developed in the study of differential forms in recent years, largely pertaining to applications in
quasiconformal analysis and nonlinear elasticity; see [4,5]. The objective of this work is to prove both the local and
global two-weight Poincare´ inequalities for differential forms.
Theorem 1.1. Let u ∈ D′(B,∧l) and du ∈ L t (B,∧l+1), l = 0, 1, . . . , n − 1. Then there exists a constant β > 1
such that if w1 ∈ A1r and (w1, w2) ∈ As/tt/s , where 1 < s < n, t = sβ and r > 1, we have(
1
|B|
∫
B
|u − uB |sw1dx
)1/s
≤ C
(∫
B
|du|tw2dx
)1/t
(1.1)
for all balls B ⊂ Rn . Here C is a constant independent of u and du.
Theorem 1.2. Let u ∈ D′(B,∧l) and du ∈ Ln(B,∧l+1), l = 0, 1, . . . , n − 1. If 1 < s < n and (w1, w2) ∈ A1n/s ,
then there exists a constant C, independent of u and du, such that(
1
|B|
∫
B
|u − uB |sws/n1 dx
)1/s
≤ C
(∫
B
|du|nw2dx
)1/n
(1.2)
for any ball or cube B ⊂ Rn .
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We enjoy the symmetric versions of the inequalities (1.1) and (1.2). It should be noticed that the exponents t and n
on the right hand sides of (1.1) and (1.2), respectively, can be improved. For example, using the similar method, we
obtain the following inequality in which the exponent on the right hand side has been improved. Note that if α → 0
in Theorem 1.3, we see that t → s.
Theorem 1.3. Let u ∈ D′(B,∧l) and du ∈ L t (B,∧l+1), l = 0, 1, . . . , n − 1. Then there exists a constant β > 1
such that if w1 ∈ A1r and (w1, w2) ∈ Aαs/tr , where 1 < s < n, t = s + αs(r − 1) and r > 1, we have(
1
|B|β
∫
B
|u − uB |sw1dx
)1/s
≤ C |B|α(r−1)/t
(∫
B
|du|twα2 dx
)1/t
(1.3)
for all balls B ⊂ Rn and any constant α > 0. Here C is a constant independent of u and du.
Theorem 1.4. Let u ∈ D′(Ω ,∧0) and du ∈ L t (Ω ,∧1). Then there exists a constant β > 1 such that if w1 ∈ A1r and
(w1, w2) ∈ As/tt/s , where 1 < s < n, t = sβ, r > 1 and w1 > w2 ≥ η > 0, we have(
1
µ1(Ω)
∫
Ω
|u − uB0 |sdµ1
)1/s
≤ C
(∫
Ω
|du|tdµ2
)1/t
(1.4)
for any Ls(µ1)-averaging domain Ω and some ball B0 with 2B0 ⊂ Ω . Here the measures µ1 and µ2 are defined by
dµ1 = w1(x)dx, dµ2 = w2(x)dx and C is a constant independent of u and du.
2. Some preliminary results
Let Λl = Λl(Rn) be the linear space of all l-forms ω(x) = ∑I ωI (x)dx I = ∑ωi1i2···il (x)dxi1 ∧ dxi2∧ · · · ∧ dxil , l = 0, 1, . . . , n. Assume that D′(Ω ,Λl) is the space of all differential l-forms and L p(Ω ,Λl) is
the space of all L p-integrable l-forms, which is a Banach space with norm ‖ω‖p,Ω = (
∫
Ω |ω(x)|pdx)1/p =(∫
Ω (
∑
I |ωI (x)|2)p/2dx
)1/p
. We denote the exterior derivative by d : D′(Ω ,Λl) → D′(Ω ,Λl+1) for l =
0, 1, . . . , n − 1. For all ω ∈ L p(D,∧l), 1 ≤ p < ∞, the l-form ωD ∈ D′(D,∧l) is defined by ωD =
|D|−1 ∫D ω(y)dy, l = 0, and ωD = d(Tω), l = 1, 2, . . . , n in [2]. Throughout this work we assume that Ω is a
bounded open subset in Rn and use B to denote balls or cubes in Rn .
Definition 2.1. We say that a pair of weights (w1(x), w2(x)) satisfies the Aλr (E)-condition in a set E ⊂ R n , and
write (w1(x), w2(x)) ∈ Aλr (E) for some r > 1 and λ > 0, if w(x) > 0 a.e. and
sup
B
(
1
|B|
∫
B
w1dx
)(
1
|B|
∫
B
(
1
w2
)1/(r−1)
dx
)λ(r−1)
<∞ (?)
for any ball B ⊂ E .
There are many examples of (w1(x), w2(x)) satisfying above Aλr (E)-condition (?). For instance, any functions
w1(x) and w2(x) with properties 0 < m ≤ w1(x), w2(x) ≤ M satisfy the Aλr (E)-condition (?), where m and M are
constants. Now, we give an example in R2 in which w1(x) and w2(x) are unbounded functions. We can give similar
examples in higher dimensional space.
Example. Let Ω ⊂ R2 be a bounded domain. For any x ∈ Ω , we assume that d(x, ∂Ω) is the distance from x to
Ω and define w1(x) = d−α(x, ∂Ω); and w2(x) = |x |−α/λd−1(x, ∂Ω) if x 6= 0, w2(x) = 1 if x = 0, where α is a
constant with 0 < α < 1 and λ is the parameter appearing in Definition 2.1. Then, (w1(x), w2(x)) is a pair of the
Aλr (Ω)-weights.
Proof. Let B ⊂ Ω be a ball with center x0 and radius r0. We may assume that x0 = 0. Otherwise, we can move
the center to the origin by a simple transformation. Then, for any x ∈ B, we have d(x, ∂Ω) ≥ r0 − |x |. Hence,
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w1(x) = d−α(x, ∂Ω) ≤ (r0 − |x |)−α and 1/w2(x) = |x |α/λd(x, ∂Ω) ≤ C1|x |α/λ since Ω is bounded. Using the
polar coordinate substitution, we have∫
B
w1(x)dx ≤
∫ 2pi
0
dθ
∫ r0
0
(r0 − ρ)−αρdρ = 2pi
∫ r0
0
(r0 − ρ)−αρdρ. (2.1)
Let r0 − ρ = t . From (2.1), we calculate and find that
1
|B|
∫
B
w1dx = 1
pir20
∫
B
w1(x)dx ≤ 2
r20
∫ r0
0
t−α(r0 − t)dt = 2
(1− α)(2− α)
1
rα0
= C2
rα0
. (2.2)
By the same method, we find that
1
|B|
∫
B
(
1
w2
)1/(r−1)
dx ≤ 1|B|
∫
B
(
C1|x |α/λ
)1/(r−1)
dx ≤ C3λ(r − 1)
α + 2λ(r − 1)r
α/(λ(r−1))
0 = C4rα/(λ(r−1))0 . (2.3)
Thus, we have(
1
|B|
∫
B
(
1
w2
)1/(r−1)
dx
)λ(r−1)
≤ C5rα0 . (2.4)
Combining (2.2) and (2.4), we find that (w1(x), w2(x)) satisfies (?), and hence (w1(x), w2(x)) is a pair of the Aλr (Ω)-
weights. 
Lemma 2.2. If w ∈ Ar , then there exist constants β > 1 and C, independent of w, such that ‖w‖β,B ≤
C |B|(1−β)/β‖w‖1,B for all balls B ⊂ Rn .
Lemma 2.3. Let 0 < α < ∞, 0 < β < ∞ and s−1 = α−1 + β−1. If u and v are measurable functions on Rn , then
for any E ⊂ Rn , ‖uv‖s,E ≤ ‖u‖α,E · ‖v‖β,E .
Iwaniec and Lutoborski prove the local Poincare´-type inequality in [2], and it plays crucial rules in generalizing
the theory of Sobolev functions to differential forms.
Lemma 2.4. Let u ∈ D′(Q,∧l) and du ∈ L p(Q,∧l+1). Then u − uQ is in Lnp/(n−p)(Q,∧l) and(∫
Q
|u − uQ |np/(n−p)dx
)(n−p)/np
≤ C p(n)
(∫
Q
|du|pdx
)1/p
for Q a cube or a ball in Rn , l = 0, 1, . . . , n and 1 < p < n.
3. Proofs of the main results
In this section, we prove our theorems presented in Section 1.
Proof of Theorem 1.1. Since w1 ∈ A1r , r > 1, by Lemma 2.2, there exist constants β > 1 and C1 > 0 such that
‖w1‖β,B ≤ C1|B|(1−β)/β‖w1‖1,B (3.1)
for any cube or ball B ⊂ Rn . We may assume that β < n. Then s = n/β and β = n/s. Applying Ho¨lder’s inequality,
Lemma 2.4 and (3.1), we find that(∫
B
|u − uB |sw1dx
)1/s
≤
(∫
B
(
w
1/s
1
)n
dx
)1/n (∫
B
|u − uB |ns/(n−s)dx
)(n−s)/ns
≤ C2‖du‖s,B
(∫
B
w
n/s
1 dx
)1/n
= C2‖du‖s,B · ‖w1‖1/sβ,B
≤ C3|B|(1−β)/sβ‖w1‖1/s1,B · ‖du‖s,B . (3.2)
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Setting t = sβ and using Ho¨lder’s inequality again, we obtain
‖du‖s,B =
(∫
B
(
|du|w1/t2 w−1/t2
)s
dx
)1/s
≤
(∫
B
(
|du|w1/t2
)t
dx
)1/t (∫
B
(
1
w2
)s/(t−s)
dx
)(t−s)/ts
=
(∫
B
|du|tw2dx
)1/t
·
∥∥∥(1/w2)1/t∥∥∥
ts/(t−s),B . (3.3)
Combining (3.2) and (3.3) yields(∫
B
|u − uB |sw1dx
)1/s
≤ C3|B|(1−β)/sβ‖w1‖1/s1,B ·
∥∥∥(1/w2)1/t∥∥∥
ts/(t−s),B ·
(∫
B
|du|tw2dx
)1/t
. (3.4)
Using the condition (w1, w2) ∈ As/tt/s , we have that
‖w1‖1/s1,B ·
∥∥∥(1/w2)1/t∥∥∥
ts/(t−s),B
=
(∫
B
w1dx
)1/s (∫
B
(
1
w2
)s/(t−s)
dx
)(t−s)/ts
=
(∫
B
w1dx
)(∫
B
(
1
w2
)1/(t/s−1)
dx
)(s/t)(t/s−1)1/s
=
|B|1+(s/t)(t/s−1) ( 1|B|
∫
B
w1dx
)(
1
|B|
∫
B
(
1
w2
)1/(t/s−1)
dx
)(s/t)(t/s−1)1/s
≤ C4|B|2/s−1/t . (3.5)
Substituting (3.5) in (3.4) and using t = sβ, we conclude that(∫
B
|u − uB |sw1dx
)1/s
≤ C5|B|1/s
(∫
B
|du|tw2dx
)1/t
,
that is(
1
|B|
∫
B
|u − uB |sw1dx
)1/s
≤ C5
(∫
B
|du|tw2dx
)1/t
.
We have completed the proof of Theorem 1.1. 
Using a method similar to the proof of Theorem 1.1, we can obtain Theorem 1.2. Considering the length of the
work, we do not include the proof here. Now, we prove Theorem 1.3.
Proof of Theorem 1.3. Let s = nβ, where β is the constant appearing in Lemma 2.2. Applying Ho¨lder’s inequality,
Lemma 2.4 and (3.1), we find that(∫
B
|u − uB |sw1dx
)1/s
≤
(∫
B
(
w
1/s
1
)n
dx
)1/n (∫
B
|u − uB |ns/(n−s)dx
)(n−s)/ns
≤ C2‖du‖s,B
(∫
B
w
n/s
1 dx
)1/n
= C2‖du‖s,B · ‖w1‖1/sβ,B
≤ C2|B|(1−β)/sβ‖w1‖1/s1,B · ‖du‖s,B . (3.6)
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Choose t = s + αs(r − 1). Applying Ho¨lder’s inequality again, we obtain
‖du‖s,B =
(∫
B
(
|du|wα/t2 w−α/t2
)s
dx
)1/s
≤
(∫
B
(
|du|wα/t2
)t
dx
)1/t (∫
B
(
1
w2
)αs/(t−s)
dx
)(t−s)/ts
=
(∫
B
|du|twα2 dx
)1/t
·
(∫
B
(
1
w2
)1/(r−1)
dx
)α(r−1)/t
. (3.7)
Combining (3.6) and (3.7) gives
(∫
B
|u − uB |sw1dx
)1/s
≤ C3|B|(1−β)/sβ‖w1‖1/s1,B ·
(∫
B
(
1
w2
)1/(r−1)
dx
)α(r−1)/t
·
(∫
B
|du|nwα2 dx
)1/t
.(3.8)
Using the condition (w1, w2) ∈ Aαs/tr , we have that
‖w1‖1/s1,B ·
(∫
B
(
1
w2
)1/(r−1)
dx
)α(r−1)/t
=
|B|1+αs(r−1)/t ( 1|B|
∫
B
w1dx
)(
1
|B|
∫
B
(
1
w2
)1/(r−1)
dx
)(αs/t)(r−1)1/s
≤ C4|B|1/s+α(r−1)/t . (3.9)
Substituting (3.9) in (3.8), we conclude that(∫
B
|u − uB |sw1dx
)1/s
≤ C5|B|1/βs+α(r−1)/t
(∫
B
|du|twα2 dx
)1/t
which is equivalent to (1.3). We have completed the proof of Theorem 1.3. 
In [5], Ding and Nolder introduce the Ls(µ)-averaging domains which are extensions of John domains.
Definition 3.1. We call a proper subdomain Ω ⊂ Rn an Ls(µ)-averaging domain, s ≥ 1, if µ(Ω) < ∞ and there
exists a constant C such that(
1
µ(B0)
∫
Ω
|u − uB0 |sdµ
)1/s
≤ C sup
2B⊂Ω
(
1
µ(B)
∫
B
|u − uB |sdµ
)1/s
for some ball B0 ⊂ Ω and all u ∈ Lsloc(Ω; ∧l). Here the measure µ is defined by dµ = w(x)dx , where w(x) is a
weight and w(x) > 0 a.e., and the supremum is over all balls 2B ⊂ Ω .
Proof of Theorem 1.4. Noticing that dµ2 = w2(x)dx and w2 ≥ η > 0, we find that
µ2(B) =
∫
B
w2dx ≥
∫
B
ηdx = η|B|,
that is
|B|
µ2(B)
≤ C1, (3.10)
where C1 = 1/η. By Theorem 1.1, Definition 3.1 and inequality (3.10), we obtain
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1
µ1(Ω)
∫
Ω
|u − uB0 |sdµ1
)1/s
≤
(
1
µ1(B0)
∫
Ω
|u − uB0 |sdµ1
)1/s
≤ C2 sup
2B⊂Ω
(
1
µ1(B)
∫
B
|u − uB |sdµ1
)1/s
= C2 sup
2B⊂Ω
(( |B|
µ1(B)
)1/s ( 1
|B|
∫
B
|u − uB |sdµ1
)1/s)
≤ C2 sup
2B⊂Ω
(( |B|
µ2(B)
)1/s
C3
(∫
B
|du|tdµ2
)1/t)
≤ C4 sup
2B⊂Ω
(∫
Ω
|du|tdµ2
)1/t
= C4
(∫
Ω
|du|tdµ2
)1/t
.
We have completed the proof of Theorem 1.4. 
Remark. (1) Theorems 1.2 and 1.3 can also be extended to the global version. (2) From [5], we know that any John
domains are Ls(µ)-averaging domains. Thus, our global result, Theorem 1.4, also holds if Ω is a John domain.
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